Whens is known:

Xx-m ..
zZ= s/\/ﬁ is distributedN(0,1)

Whens is unknown:
- S is estimated bg, sample SD.

SD of X is estimated by the standard error of the sample mem,zeff\/ﬁ
. X-m o . _
One sample t-statistic ts_/\/ﬁ has thd distribution with df = (n-1).

Thet(Kk) distribution is symmetric about 0 and approachesN[ 1)as the degree
of freedomk, increases.

Choose an SRS of sipdrom a population having unknown meamandunknown SD.

A level C Cl for mis X+ t* s /\/ﬁ wheret* is the value on thg,.;) density curve with
areaC betweent* andt*. The interval is exact when the population distribution is
normal and approximately correct for lamgetherwise.

From Table of t-distribution:

Tail p 0.05 0.025 0.005
C 90% 95% 99%
T 6.314 12.71 63.66
t* (10 1.812 2.228 3.169
t* s0) 1.676 2.009 2.6787
z* 1.645 1.960 2.576

Example: Juan makes a measurement of a compound in a chemistry lab and records the
weight. Suppose the SB)of the measurements is known to be 8.2 mg. Juan repeats the
measurement 8 times and found the following: 26, 31, 23, 22, 11, 22, 14, 31

m sample mean = 22.5
s
Xtz % [ .di22.5 -invnorm(0.975)*8.2/8"0.5, 22.5 + invnorm(0.975)*8.2/8"0.5 ]
s m
sample SD = 7.19 degree of freedom =7
t* for C = 95%: t* = 2.365 |. ]

S
W [. di 22.5 - invttail(7,0.025)*7.19/8%0.5, 22.5 + invttail(7,0.025)*7.19/8"0.5 |

95% CI = (16.489, 28.511)
[ ciig2257.19]

Xtt*

[ #$ ! "# #"

We are 95% confident that the weight is between 16.49mg and 28.51mg.

RWJ-Biostat20f2-2005.doc Page 1 of 24



To test the null hypothesis theds a particular value using an SRS of size n.
State the null hypothesis Ho= m3
X-n

o

Obtain thet statistic. t =

i

Calculate p-value.

If Ha: m> mg, then p-value is pl{n.)> t)

/]

If Ha m< m  thenp-value is p {n-n<t)
If Ha m* mg  then p-value is 2*pT.0)> [t]).

Example: Continuing with the same example of Juan’s weighing, suppose that the
compound is known to weigh 30mg when it is pure, but if it is contaminated, it could

weigh less or more. !

Ho: m= 30 H, m? 30
t = (22.5 - 30)/( 7.19/8"0.5) = -2.95
p-value = 2*p(T > 2.95) = 0.0214 [ . di 2*ttail(7, 2.95) ]

[.ttesti822.57.1930]

%

& e #OHS! e A
% ( >
+*) &
+*) o/ +*) 1/ +*) 2/
Lo S S
30 . "UH" 32 .t 32 . "/

What is the conclusion atof 0.05?
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Example (before and after data) Do the summer institutes to improve the skills of high
school teachers of French actually have an effect on improving thé&sfskigroup of
volunteerteachers took listening test before and after the one month of training. The
pre-training score, post-training score, and gain score (post — pre) are:

Teacher Pre Post Gain
1 32 34 2
2 31 31 0
20 23 26 3

Here is the list of the gain scores: 2,0,6,6,3,3,2,3,-6,6,6,6,3,0,1,1,0,2,3,3

# $
s 2.893
0 =X+tr—F— = + =
95% Cl =X+ \/ﬁ 2.5+ (2.093)@ (1.15, 3.85)
where t =2.093 [. diinvttail(19, 0.025) ]

. Cigain

Variable| Obs Mean Std. Err. [95% Conf. Interval]
gain| 20 2.5 .6468547 1.146117 3.853883
$ % %%
.ttestgain =0
Variable| Obs Mean Std. Err. Std. Dev. [95% Conf. Interval]
e —————— e —————————
gain | 20 2.5 .6468547 2.892 822 1.146117 3.853883

Degrees of freedom: 19
Ho: mean(gain) =0

Ha: mean <0 Ha: mean ~=0 Ha: mean >0
t= 3.8649 t= 3.8649 t= 3.8649
P<t= 0.9995 P >|t|= 0.0010 P>t= 0.0005

Recall:t-testrequires normality of the data.

t-test - is robust against nonnormality
- is not robust against outliers or clearly skewed data
- can be used for skewed data, if large sampte40).

Another approach: Suppose the summer institutebasfect on the teachers’ skills, and
that all differences between pre & post are due to random variatioargssuull
hypothesig. What is the probability of observing a higher score post-institute?

Assuming the null is true, what is the distribution of tlsenber of teachers that gained
scoresin an SRS with n = 17

Let P = probability that a randomly chosen teacher would improve after the institute
What do we want to test? oH=1/2 H:p>1/2

What is the probability of observing 16 or more teachers out of 17 to improveniflthe
hypothesis is true? This probability is thgp-value of asign test.

Do you think that the improvement is due to random variation?

Did we ignore some part of the data in doing the sign test?

The null hypothesis of sign testis identical to “median of the difference = 0.”
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Another Example of Sign Test(matched pairs data): CHF diagnosed subjects are
matched in pairs by age, education and gender, say, and given either thesairse ca

management care or the usual care.
]

Pair 1 2 3 4 5 6
Usual care 8 9 3 6 7 5
New care 8 9 6 5 8 6
difference = S&tw care— Salsual care

diff 0 0 3 -1 1 1

Method 1: via t-test
H,: difference = 0 H differencet 0
Conduct a one-sample (2-sidedgst using the difference scores.

[.ttestdiff =0]
One-sample t test

Variable| Obs Mean Std. Err. Std. Dev. [95% Conf. Interval]

diff | 6 -.6666667 .5577734 1.36 626 -2.100469 .7671354

Degrees of freedom: 5
Ho: mean(diff) = 0

Ha: mean <0 Ha: mean ~=0 Ha: mean >0
t= -1.1952 t= -1.1952 t= -1.1952
P<t= 0.1428 P >|t|= 0.2856 P>t= 0.8572

Note: In this example, sample size is small, and for small sate size, a non-
parametric test such as sign test is more appropriate.

Method 2: via sign test
p= probability that a subject given new care in a pair would improve
Ho: p=1/2 H:pt 1/2

The test statistics is tlwunt of pairs with positive difference If there is no
difference in QOL between the two care types, the count has a B(4,1/2)
distribution.

For a 1-sided test (Hp > 1/2), p-value = p(# positivés3).
For a 2-sided test, p-value = p(# positi¥e3 or # negatives 3).

signtest diff = 0]

sign| observed expected
+

positive | 3 2
negative | 1 2
zero | 2 2

+
all | 6 6

One-sided tests:
Ho: median of diff = 0 vs.
Ha: median of diff > 0
Pr(#positive >= 3) =
Binomial(n =4, x >= 3, p=0.5) = 0.3125

Ho: median of diff = 0 vs.
Ha: median of diff <0
Pr(#negative >= 1) =
Binomial(n =4, x>=1, p=0.5) = 0.9375

Two-sided test:
Ho: median of diff = 0 vs.
Ha: median of diff ~= 0
Pr(#positive >= 3 or #negative >= 3) =
min(1, 2*Binomial(n = 4, x >= 3, p = 0.5)) = 0.6250
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Inference for nonnormal population
Options:
1. Use another distribution (another model)
2. Transform the data to remove skewness
- log transformation often useful
ex: newdatal = loglolddata)
newdata2 = logolddata) = In(olddata)
olddata = 2, 3, 4, 20
newdata2 = In(2), In(3), In(4), In(20)
=0.69, 1.10, 1.39, 3.00
Then do analysis using the transformed data.

Disadvantage: a Cl for the mean of the olddata (in the original seaiepicbe

recovered from the ClI for the mean of the newdata.
3. Use a non-parametric (distribution free) procedure
example: sign test

"# #

How do we compare the two population?
Parameterm - m

Estimator: D =3<l - 3(2
Where x; ~ N(/n&) and X, ~ N(nzi)
1 "\/Fl 2 -_\/ﬁz
What is the distribution dD?

m=m-m
Sk to follow...

Test: H:m-m=0 or H:m=m

$ % & '#
"# ( "# ( for m - m:

5 X=X - (m-m) s’ s

I N
, , X1-X ¥ Z Ny n,
S1™,S2
21,22
Ny Ny

Y% "
X1 - Xo - (M - 1m)
\ s [ Uy + 1y ]

Z =

Construct two-sample statistic and Cl similarly, but assuming eqal
population variances:

- - 2 2

X1 - Xo - - n -1 +(n-1

NS ) Where%mm:\/ (-1 + (D
\/s [ 1ng + 1] 1+ N

pooled

and p-value is fromdistribution with(n; + n, - 2) degrees of freedom.
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$ % "#

2 Sl2 Srz2
We estimate the population variancés) by: Sk = n +72
"#

(XYoo (M- )
s’ S

Ny N>

The above doesot have a distribution, but we can approximate it by usingtige

distribution with an approximation fé. The p-value is fronty, where dfs

1. thesmaller of (n;-1) and(n,-1), or

2. a complicated formula used by most software which is between grl)[(n-
1)] and (n+n,-2).

Example (two independent group comparisorn)To evaluate the effectiveness of a new
directed reading activity for improving some aspects of readingyatiiliélementary
students, 21 students participated in these activities for 8 weeks, and@stlid not.
Here are the data of the degree of reading power (DRP) test forrbafis@iven at the
end of 8 weeks.

DRP scores

Treatment Group: 24 43 58 71 43 49 61 44 67 49 53 56 59 52 62 54 57 46 43 57

Control Group: 42 4355266237 33411954208546 1017 605342374255
28 48

& ( % # #9$

Note: The data must be organized as two columdspafdrp score) andyroup (1 if
treatment; O if control) for the following Stata commands.

First, are there any outlying values or a marked deviation from normality?

group==0 group==1
.333333

o 5|
10 85 10 85
(45 46 7,(84- &
Sdrp
2(84. " —
% &
4w ow s
2(84. #
% &
4 # HISH ™IS 1 #
10 —
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H():/H:nﬂ HaI”Z>/72

) # # !
46 7,( 84-8 98
- 84 %
I 1 Uon#en 1
#o# HVSE I g $ISIST $1$$
) IS S # # s gl
ng o1$ S #Ir
5< = ( Yo
R) )
+* 0" o1 +x 2n
T o Y
30 . " 32 . vl 32 . " $

What if we are willing to assume equal population standard deviabns?

46 7,( 84-
: 84 %
[ VAN
B# HISE 1 g U$ 1SS $1$S
D) noIs Y $$ # BT sl
W# V4] #OHS ##
% ( )1
X)) He
+* 0" w1 +x on
. $$3% . 533 . 5%
30 . "t 32 . "t $ 32 . "¢

How do we know whether we can assume equal variances or we cannot?
Check it graphically
- look out forskewnessor outliers.
- use unequal variance when in doubgmore conservative)

Testing for equality of spread (the F test) is available:
Ho: 51= 5> Has:1 1S

But the test of equality of spreadnst robust (very sensitive to nonnormal distribution)
and can lead to misleading resultnsxt recommended

[ . sdtest drp, by(group) ] p-value from it was 0.0484
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Example (Another Design - two independent groups pre and post datak

randomized comparative study was conducted to see if increased calciueaddoetsr

blood pressure. The systolic blood pressure is measured at the beginning ahthe
12-week period of calcium supplementation from 10 subjects in experimental and 11 in
control groups.

Data of seated systolic blood pressure:

Calcium Group Placebo Group

Begin End Decrease Begin End Decrease
107 100 7 123 124 -1
110 114 -4 109 97 12

102 104 -2 117 118 -1

Note: The data need to be organized as two columbDsakaseandindication (1 if
calcium group; O if placebo) to obtain summary statistics easily.

Summary statistics for the decrease in blood pressure

Indication Treatment n X s
1 calcium 10 5.000 8.743
0 placebo 11 -0.273 5.901
>< )4 > > B = )
Assuming equal variance:
[ . #n |! ## mo
| Obs Mean Std. Err.  Std. Dev. [95% Conf. Interval]
e —————— e —————————
X | 10 5 2.763831 8 74 -1.252219 11.25222
y| 11 -27 1.778917 5.9 -4.233674 3.693674
combined | 21 2.239524 1.67692 7.684 613 -1.25847 5.737518
e —————— e —————————
diff | 5.27 3.225745 -1.481563 12.02156
Degrees of freedom: 19
Ho: mean(x) - mean(y) = diff =0
Ha: diff <0 Ha: diff ~= 0 Ha: diff > 0
t= 1.6337 t= 1.6337 t= 1.6337
P <t= 0.9406 P>|t|= 0.1188 P>t= 0.0594

? 8) (8 98 H

# Vi "' 668 \B
%
& #" '$/ 1# ' # # H#HH
7 #it R H# Vs 1$/3$!
1) # 1! #$$ '8! S#H # " I#
/I $/ #'# #
5< = ( ¥ o#
+*) & ) 7-.
+* 0 +* 1 +* 2
#$"/ . H#S #$"
30 " 32 "# 32 " g

RWJ-Biostat20f2-2005.doc Page 8 of 24



* |

A Simple Regression LineA straight line describing how a response variable
changes as axplanatory variableX changes.

y=a+bx (Intercept=a; Slope =h).

Using the relationshimaredictionas well agextrapolationis possible, but extrapolations
are often not accurate and can be absurd.
Prediction: ¢ = a + bx

Whenx=0, predicte¢g=a

Whenx=1, predicte¢ =a+Db

Whenx =2, predicte¢y =a + 2b

The difference in predicted Y for one unitincrease inX+2b—-(a+b)=Db
Interpretation of slope (b): the estimated change in Y for every unit chapge i

Least-Squares (LS) Regressiohe goal is to find th&best” straight line for predicting
Y from X, the line thatminimizes sum of squared vertical deviatifnasn line to the
observed data points

Vertical Deviation for thé™ observation = observag- predictedy;
=yi—% = yi—(a+bx) =error = deviance

Example
é BZ:
* Agein monzlshs *
Least Squares Regression: Height = 64.93 + 0.635*Age
Intercept = 64.93
Slope = 0.635
Prediction of height from the model
Age (month) predicted height (cm)
0 64.93 + 0.635*0 =64.930
22 64.93 + 0.635*22 =78.900
23 64.93 + 0.635*23 =79.535
Interpretation:

Intercept = Predicted value gpivhenxis 0. Is it meaningful?
Slope  =Every 1 month increase in age is associated with 0.635 cm increase in height
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What is R (r-square)?
- R? is the fraction (%) of the variation in the valuesrahat is explained by
the least-squares regressiorvyain X.
In simple regressiorR? is the square of the correlation.
R? measures how well the regression line explains the response @ariabl

In regression, it is important to determine which the respone variable is.

Example: SAT verbal average versus math average from 50 states
Model 1: Dependent Variable = SVAvg

S=8.251 R-Sq=94.1% R-Sq(adj) = 94.0%

Model 1: V = 34.22 + 0.94031*M

Model 2: Dependent variable = SMAvg
S=8.514 R-Sq=94.1% R-Sq(ad)) = 94.0%
Model 2: M =-3.28 + 1.00123*V

Note:

1. R is the same whichever the dependent variable is, but intercept andrsloge.c
2. Correlation analysis may be more suitable for this particularsdata
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+  *
A simple linear regression analysis has only one explanatory variable.

Data:(% , Y1), (X2, ¥2), .-, (%15 Yn)
We assume that

1. the population mean of the response variable Y is related to the expfanato
variable X by a straight line with intercepf and slopéd: nmy, = bg + b;x

2. for each particular value of x, the population distribution of Y is normdd wit
meanm, = b, + b, (subpopulation mean) and standard deviagion

More formally, simple linear regression modeyiis b, + b,% + g whereg, &, &,..., &
are independent, and each is normally distributed with mean 0 and standaidrdsviat

The parameters of this modék; b, and
s = SD of the model deviations
(a measure of variation of y about the population regression line)

The interceptlfy) & slope p,) of the regression line fit to the data aribiased
estimatorsof the population interceptf) & slope ¢).

The estimatebyandb; are distributed with by and by, respectively,
and (SE(k), SE(R)) that can be estimated from the data.
by=rd b=y -b X
2 3\ 2
The estimate of: 2-_ 9 _ (¥ - %)
n-2 n-2

(Note: €is divided by (n 2), any intuition why?)

Assumptions of linear regression analysis (in order of importance):
- Linearity
Independence
Homoscedasticity (The sample y’'s have the same variance regavtites
values of the independent variables.)
Normality

Residuals =Vertical Deviation for the'l observation

Residual = observed; - predictedy, =y; —’)\4 =y, —(a + bx) = error = deviancge
(Residual represents “left-over” variation in the response fittiag a regression
line. Mean of the least squares residuals is always zero.)

Residual Plot: residuals against x.

. Good = No pattern (a football)
20 ’ . Bad = Heteroscedasticity, Nonlinearity

-20 7]

residual = y2 - predicted
o

T T T
] 20 40 60

X
Residual Plot
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Other problems to watch out for in examining the fit of a regression line:
Outliers Large residuals?
Influential observationdndividual data points that substantially change the
regression line. They are often outliers in the x direction.

Some diagnostic tools in regression:
Outliers Residuals =y —/3\/.
Studentized residuals = §; —/3\4 )Ses
Deleted studentized residuals =Y —/3\4 )Ses, i

Influential observations
Find regression line both with and without the suspect point, and if theriggo li
differ by more than a little, the point is influential.

N N
DFFITS = (Y — Yi )/Sees,

Example: Regression plot of age at first word and Gesell score

Child 1¢

Child 18

R? from regression = 41% (Mo&elore = 110 - 1.13Age)
R? from regression without child 18 = 11% (Mod8tore = 106 - 0.78Age)
R? from regression without child 19 = 57% (Mod8tore = 109 - 1.19Age)

What do we do?
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systolic blood pressure

Data setfor regression example

Low Birth Weight Data (lowbwt.dta, Table B.10 in P&G)
Goal: To predict systolic blood pressure in low birth weight infants.

Variables:

sbp = systolic blood pressure

gestage = gestational age

apgar5 = 5-minute apgar score (ordinal, treated as a continuous variable)

Regression output of Y sbpand X =gestage

(4( (

® @8) #
A, #6 !
H#HS I # #HS 3 2A ."Mi$
B 8 ##$ " #" B 98
?CB 98 $$
> #1$  # B R
4 32
(C #$Y Y v LN HSS
D, # " #$"8 "N g #H$ /$$

) What is an unbiased estimate of sldpg? Interpretation?
(2) What is an unbiased estimate of the interdap®(
3 What is the least-squares lineSbp = 10.55+1.26*gestage

4) What is the predicted SBP in low birth weight infants with gestatiagelof 30?
0.55+1.26*30

(5) What is the estimated standard deviation, s? RMSE =11.00
(6) Compare Spwith s!
Descriptive Statistics for SBP(Y):

8) 4

% &

4 @ ol #

Recall from the formula: s = (11856.9504/98)"0.5 = 10.999should equal RMSE
Graphs to see if the relationship is linear and if other assumptiens

100

80

60 |

Residuals
o
I

8 20
o

20 7

° T T T T
T T T T -40 -20 [¢] 20 40
3 Inverse Normal
gestational age QNORM plot of residuals
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A level C Clfor intercept by) is: by + t* SE(by)

A level C Clfor slope 6,) is: b, + t* SE(by)
wheret* is the value for the density curve tadistribution with(n-2) degrees of
freedom with area C betweeri andt*.

Q) What is the 95% confidence interval fgg.¢2 Interpretation?

(2) What is the meaning of the hypothesls; bHyestage= 0, @and how would you test
for it?

3) Is there evidence that gestational age is associated with SBP?

4) How does one test for the hypothesisiof 5, = 0?
What does this hypothesis mean?

A level Cconfidence intervalfor themean responsesy, whenx takes the value x i8
+ t* SE() where t* is the value fdy,.,) density curve with area C between -t* and t*.

A level Cprediction interval for a future observation,¥, whenx takes the value x i
+ t* SE§) where t* is the value fdy,,) density curve with area C between -t* and t*.

/7y is the same &sfor a given value of x.
SE®) includes variability (1) due to the least-squares line not being gl to
the true regression line and (2) of the future y around the subpopulation mean.

SE@) is larger than SEf)*due to the additional variation of individual responses
about the mean response.

47( ()
4 7 (( )4 D4
# 0 # | #3548 v ##1$
I#n #H" " # #" 0
/ g CHS! # #e
! | #S# S t# ##1$
-] /o # #n"
$ /LT #NS # #" 8
I #"# I #'"1$$ # ##I'1#
>5 < ( )*
.reg shp gestage
.predicty
.predict sem_sbp, stdp
.predict sei_sbp, stdf
Interpretation: o  wmperi
- We are 95% confident that the mean (average) I e

SBP for low birth weight infants with ;
gestational age of 19 will lie between

42.16 - 1.96*2.02 and 42.16 + 1.96*2.02. /
An approximate 95% prediction interval for the s0-| //
for the SBP of an infant with gestational age of 19 //ﬂ
is between 42.16 -1.96*11.18 and 42.16 + 1.96*11.18. /

Note from graph: prediction is more precise near the center - - -

of the explanatory variable. gestational age
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+  *I
Data: % where i = observation j = predictor
observation 1:1, X1,..., Xip, Y1)

observation N, Xn2, .-+, Xnpr Yn)

Multiple Linear Regression Modek = b, + bixa+ ...+ b, + @wheregq, 6, &,...,.6 are
independent and each normally distributed with mean 0 and standard desiation

Mean response from multiple linear regression model with p pred{gtopsilation
regression equation)rm= b, + bixat ...+ bXp
Do, by, by, bpare slopes)

: The regression coefficients, b, b, ... b, are estimated by choosing the
values that minimize the sum of squared deviations from the “regrdis&tyri.e., the
values minimizing the least squares criterion:

i:Sl[Yi - /)\h] 2 - i:sl[yi - (Bo + biXis+ ...+ B )]2

n A2
) i_Sll:)/i - Yi]
What about s the estimate fos*? s =""———7" 0-1

Suppose we perform a multiple regression analysis and obtain least splianasors.

Overall Deviation of Y from mean
= Scatter about the fitted line (residual) + Deviation due to vamiati X

(vi-y) = (y- Qi) + @i -y)

, -12 n A2 "FA 2

o512l 1%~ 21
SST = SSE + SSM

ANOVA partitions the total variation between two sources:

Total sum of squares: ~ SST y - V)2 DFT=n-1
Model sum of squares: SSM =(§\/i -9)2 DFM =p
Error sum of squares: SSE #yi - ﬁ\/i)2 DFE=n-(p+1)
Mean Squares = MS = SS/DF = average squared deviation

2 2 él[Yi 'Qi] ’
MST = SST/DFT =, MSE = SSE/DFE =s = Thop-1

Which SS stays the same regardless of how many predictor variables?

, _ variance of predicted y SSM
~ variance of observed 'y SST
= fraction of variation in y explained by x

= squared multiple correlation

When we add extra predictpiSSMincreasesSSEdecreases, arief increases.
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ANOVA F test:Hg: by= b= bgz.wz bp: 0
-- no relationship between any of the predictors and the response

Ha.bo! 0,bst 0,b,1 O, ..., Orbpl 0

_MSM

~ MSE
When alternative is true, MSM tends to be large relative to MSE.ilrgit
So large values of F are evidence against the null hypothesis in fe:sided
alternative hypothesis.

When the null is true, the degrees of freedom for ANOVA F tegt areln-p-1

Note: The F distribution in simple regression is the square of aibdigin. But, with
>1 df in the numerator, F is not the square of a t distribution.

ANOVA Table
Source DF SS MS F
Model p SSM/DFM MSM/MSE
Error n-p-1 SSE/DFE
Total n-1 SST/DFT

Summary in multiple regression

D An “F test” tests foHy: b= b= b= = b, =0, i.e., to test thél, that none of
the explanatory variables are associated with the population mean response.

(2) Cl & significance tests (thetests) can be used for inference concerning
individual regression coefficients.

3 “Squared multiple correlation” Rmeasures the proportion of variability in the
outcome explained by all the explanatory variables.

Example: Suppose now we wish to predict SBP using gestage & apgar5.

Check correlations (Pearson)
[ . corr sbp gestage apgar5 ]

(obs=100)
| sbp gestage apgar5
+
sbp| 1.0000
gestage | 0.2810 1.0000
apgar5| 0.1487 0.1702 1.0000

[ . reg sbp gestage apgar5 ]
MS

Source | SS df Number of obs = 100

+ F(2, 97)= 476
Model | 1151.36376 2 575.681879 Prob>F = 0.0106
Residual | 11721.9962 97 120.845322 R-squared = 0.0894

+ Adj R-squared = 0.0707
Total | 12873.36 99 130.033939 Root MSE = 10.993
sbp| Coef. Std. Err. t P>t [95% Conf. Interval]
gestage | 1.184826 .4424232 2.678 0.009 3067381 2.062913
apgar5| .4875149 .4613278  1.057 0.293 -.4280931 1.403123
_cons| 9.803418 12.66293 0.774 0.441 -15.32899 34.93583

Individual regression coefficient assesses the significand¢® giredictor variable,
assuming all other predictors are included in the model
Regression coefficients, their s.e.'s and significance testingeseimgful
only when interpreted in the context of other explanatory variables inatlelm

Can you interpret the coefficient of gestage?
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examples: gender: 1=F2=M
race: 1 = White; 2 = African-American; 3 = Other
Old Variable New Recoded Variable
Gender Male 1if male; O if female
Race White 1 if race = 1; O otherwise

AfriAmer 1 if race = 2; 0 otherwise

So what are the values of variabl&hiteandAfriAmerfor these people?

Race White AfriAmer

White

African-American

Hispanic

For a categorical variable taking krdifferent values you only need to creake- 1

dummy variables.

Example A made-up regression output:

Predictor coefficient
Constant 10
White 2
AfriAmer 3.5

Model: y =10 + 2 White + 3.5 AfriAmer What does this mean?

Mean response for: White =10+ 2*1 =12
African American: =10+35*1 =135
Other: =10 =10

Note: The following are equivalent.

1. Atwo-sample t-test.

2. Aregression with only one dummy independent variable for group.
3. A one-way ANOVA using the two-groups

46 7, &-
1 84 %
A) $ SIS #HIN HEH $ Urs Lu#
/e # " o #l
1) #U R # /YN INg
#1114  M$" # | #
+*) LA) -) :
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D) Multicollinearity - correlation among the predictors

2) Con

founding

3) Interaction

Diagnosis Correlation or7can be used, but beware of its sensitivity to extreme values.
When multiple predictors are involved, can use multiple R-squarefanXother X's.

Consequence®f high correlation among predictor variables:
1) huge standard errors for estimated coefficients

2) warnings or error messages on the output

Remedies:If an approximate collinearity is found, then delete one of the variables found

collinear - won't lose much information.

Confounder: a variable that is correlated with both the predictor variable and the
response variable.

Leaving the confounder out of the regression analysis yiddedestimates of the

effects of the predictor variable.

If a multiple linear regression model is correct (we have the exgiinatory
variables in the model, and they are linearly related to the mean respbes
including a confounder in the regression analgsigtrols for (“adjusts for”) the

effect of the confounding variable and yieldhiasedestimates of the effects of the
predictors.
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Example:

Dependent variable: Y  (satisfaction)
Explanatory variables: GP (1 = ever smoked; O = never)
X (ag9

Suppose our main interest istire effect of smoking on satisfaction

Regression of Y on smoke

Coef Std.Err. t value Pr(>|t])
Intercept 24.583 1.166 21.085 0.000
GP (smoke) 3.544 1.649 2.149 0.045

Note: We know the above and t-test are essentially equivalent.
If we put X (age) in the model, what happens to our inference concerning GP?

Regression of Y on age and smoke

Coef Std.Err. t value Pr(>t])

Intercept 4572 1.699 2.691 0.015

X (Age) 1.976 0.163 12.095 0.000
GP(Smoke) -4.430 0.857 5.169 0.000

Regression of Y on age

Coef Std. Err. t value Pr(>t])

Intercept 10.248 2.021 5.071 0.000
X (Age) 1.326 0.163 8.153 0.000

So, what is going on, and what is real?
The data were generated by: Y =5 — 5*GP + 2*X

What does the above model that generated the data say about the relatidngap be
(2) satisfaction level and age?
2) satisfaction level and smoking status?

Models
for smoker
for non-smoker

Y =5-5%1 + 2X =2X
Y=5-5%0+2X=5+2X

A scatterplot of Y (satisfaction)

vs. X (age) with GP (smoke)
groups labeled

Y related to GP status? o gpl & gp0

357

307

25
20 J;

) 1
gp=1 appears to have a higher mean.
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gpl = smoker; gp0 = non-smoker
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Example: Different effects of age on satisfaction depending on whethet the person
ever smoked.

Interaction Term: Create a new variable by multiplying two exptapatariables and put
the product in the regression equation. This allows for an interaction.

Y=0+b8X,+0 X, +06,X,X,+¢6

Regression of Y on Smoking and Age, with Interaction Term (AgeSmoke=+3X)

Coef Std.Err t-stat p-value
Intercept 5.82 2.17 2.68 0.02
GP (smoke) -8.37 4.30 -1.94 0.07
X (Age) 1.85 0.21 8.79 0.00
AgeSmoke 0.31 0.34 0.93 0.37

What is the regression equation for predicting Y from the above model?
Y =5.82 -8.37Smoke + 1.85Age + 0.31Age*Smoke

Is there an interaction?
Estimated regression line for smoker versus non-smoker:

For smoker Y =5.82 -8.37Smoke + 1.85Age + 0.31Age
Fornon-smoker Y =5.82 + 1.85Age + 0.31Age
=5.82 + 2.16Age

Do histogram, box plot, stem-and-leaf plot of predictors to find outlierstaerae
skewness

Always construct the scatter plot with the fitted regression line.

If you have multiple predictors, make scatter plots of each of thiicpres against
the response variable (matrix).

Some useful types of residual plots:

1. Histogram or box plot of residualdor studyingnon-normality.
2. Residuals vs. predictor variable (X).
3. Residuals vs. predicted responses.

Note: 2 and 3 look almost the same in simple linear regression. They are
useful for studyingion-linearity andheteroscedasticity.

4. Plot of residuals against time or sequenaseful for studyingependence

5. Plot of squared residuals against predictor variable (sgful for studying
heteroscedasticity

6. Plot of residuals against omitted predictor variable (if you hdve it

Not too useful residual plots: residual vs. Y
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As a rule of thumb, try to build regression models in which the number of medict
is no more than 5 or 10% of the number of sampling units.

If you include an interaction in the model, include the main effects. Ifrydude a
polynomial term, include all the lower order polynomial terms.

Centering the predictor variables (subtracting the mean of the prefdastoeach
value of the predictor) often increases interpretability and reducdti-collinearity.
This is especially important when the model includes interactions aydopaiial
terms.

Interaction and confounding are important and very different concepts.

Do not forget the assumptions of multiple regression while analyzing theuddt
interpreting the results.

In most regression problems, much of the variability in the responseleagatmins
unexplained.

Use ANOVA for categorical predictors, multiple regressioncfamtinuous
predictors.

Situation:

Have 2 or more decisions or conclusions to make.

Must be correct on all simultaneously.

Want to be conservative about rejecting your hypothesized answer.
When H, H,,..., H¢ are K null hypotheses and testing all the alternatives simultangously
need to control the overall probability of rejecting any of them (typeothewhen they
are all true.

Examples

K new treatments are compared to a standard. Each can be compared to the
standard with a hypothesis test, yielding K decisions. The null is thstathéard

is better than all the new ones. If the standard is the best, then waeattohe

null in favor of any of the new treatments with low probability (low typeror).

Three treatments are compared to each other, so there are 3 paiomEisons

of interest: 1 vs 2, 1 vs 3, and 2 vs 3. The null hypothesis is that all are the same.
If they are the same, then you want to reject the null with low type | error.

Approaches
- Use a testing method that accounts for the number of multiple decisiomshéot
F and chi-square statistic are designed to do this with degrees afifreelated
to the number of decisions.
Control the error on each decision to assure a limited overall eingrmgthod
such as Bonferroni correction.

Bonferroni method: Make each decision with type | errark.

RWJ-Biostat20f2-2005.doc Page 21 of 24



+1 *

Response Variable =1 or 0 (dichotomous, where 1 denotes for the outcome of
interest such as death or success)

Sample Size =n

Parameter = p (probability of 1 occurring)

The number of experimental units with the outcome of interest will haverdoulisin of
B(n.p).

Example: College binge drinking study showing that 3,314 of an SRS of 17,096 are binge
drinkers. From what we learned so far, what would we have used to describe or
summarize this data set?

p(binge drinking) = 3314/17096 = 0.1938

Another way to describe the data:
"My odds of winning the lottery is 2 to 1"
This means that you are twice more likely to win than lose - your chénce o
winning is 2/3 and losing is 1/3.

Odds= —E = ratio of the probabilities of the event of interest occurring vsoomirring

What is theestimateddds of binge drinking on college campus?

_p 01938

Interpretation: The odds that a college student is a binge drinker is about 2 to 8
or 1to 4. So any given student is less likely to be a binge drinker than not.

What about when comparing proportions between two groups (say between male vs.
female or old vs. young)?

Example (continued): Suppose that proportions of binge drinkers were 0.227 for
men and 0.170 for women. How would we capture the difference in binge
drinking between gender?

Odds Ratio (OR)defined as,
odds of binge drinking in male oddsy
odds of binge drinking in female odds

_ 0.227/(1-0.227)  0.294 _
~ 0.170/(1-0.170) 0.205 ~

1.43

Interpretation: Male college students are 1.43 times more likely to be binge drinkers
than female college students.
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Logistic regression model allows to

model the probability of the event of interest occurring in terms of anrextply
variable (such as gender),

obtain the OR of interest from the coefficient of the explanatory variable

do hypothesis testing of whether the explanatory variable can predica&soisiated
with) the event occurring,

construct the CI of the estimated OR, and

incorporate other explanatory variables (such as potential confowrders
interactions).

Model: |og(£—p) = o+ bix

p is a binomial proportion,
X is the explanatory variable.

Why not modep or odds directly, rather than model the strange log transformed odds?

Define the logistic regression model for binge drinking when the explgnataable &)
is a dummy variable fanale (1 = male, 0 = female)

Model for male: Iogq%) =10g(0.294)
Estimated log odds for male = -1.22
Model for female: Iogq%) =10g(0.205)

Estimated log odds for female = -1.58

Can we estimatl,andb; from the information we have so far?
bo=-1.58 (log OR for females)
log(p/(1-p)) = -1.58 Hx
For males: log(p/(1-p)) = -1.58/ *1 = -1.22
solve forb;
b;=-1.22 + 1.58 = 0.36

The fitted model is: log (odds) = lo 0 = -1.58 + 0.36*X

Now, how do we obtain or recover the OR (our summary measure of intexresthows
the relationship between the probability of the event occurring versusrpéodethis
model?
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Recall: OR (male relative to female)

odds,
= oddg — &XPby) =exp(0.36) = 1.43

Note: Why is the above true?
a ddsy
log (OR) =lo dd$)
= log (odds) - log (odds)
= (Do+b1:1) - (o) =b1=10.36

Because log(OR) = 0.36,
OR = exp(0.36) = 1.43

For logistic regression demonstration, | generated a variablé bidle sbpwhich
indicates for having an SBP value greater than 55 using the following comnitieds
variablehigh_sbpwill be used as the response variable.
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How to interpret and what can you conclude?

Survival Analysis

More Nonparametric Test — Fisher's Exact Test, Sign test, Signed rank tes
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